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ABSTRACT

This is the final report covering research directed
toward the gtudy of the seismicity of the Southeastern
United Statesf“}Travel-times determined from local earth-
quake and refracticn data are presented which indicate
a crustal structure of hlr- 33.0 km (a = 5.88 km/sec),

1
h, = 10.8 km (a = 6.58 km/sec), and an upper mantle velocity

[ V]

»L 2.10 km/sec. Fundamental and first higher order Rayleigh
group-velocity data determired oy digital bandpass filter-
ing are presented for the Southern Appalachian region. The
Dunkin modification of the Thomson-Haskell matrix method
is used to compute theoretical Rayleigh dispersion curves
for comparison with the ovbserved curves. A slight velocity
reversal in the upper crust centered at about 15 km, a
general increase of crustal velocities and densities with
depth below this zune, and an upper mantle low velocity
zone beginning at a depth of 70 km are indicated beneath
the Southern Appalachians. The Appalachian foreland has
crustal structure similar to the Gutenberg-Birch II conti-
nental model with a total thickness of 40 km.

A sin x/x analysis of the Bouguer gravity data yields
a total crustal thickness of about 50 km berneath the Southern
Appalachians.

P-residuals computed at Chapel Hill, North Carolina and
McMinnville, Tennessee show a systematic deviation of as

»

much asii 3 sec.
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1.0 INTRODUCTION

This final report covers the work done on contract AF 19(628)-3892,
"Research Directed Toward the Study of the Seismicity of the Southeastern
United States". The report is mainly ccncerned with the work done over the
past year; the determination of crustal and upper mantle structure in the
Soitheastern United States. The First Annual Technical Report [Minear, 1965]
covers the development, installation, and calibration of the short-period
displacemenct seismograph at the University of North Carolina and the RTI
field refraction system. The Second Annual Technical Report [Minear, 1966]
includes the location of local epicenters, the results of the field refraction
studies, the results of the computation of P-residuals, the calculations of
magnitude, focal depth, ard energy release for several local earthquakes,
and preliminary crustal structure estimates from gravity data.

Research accomplishments during the performance of the contract are
briefly summarized below,

1) During the first year of work a short-period displacement seismo-
graph system was designed, constructed, and placed on routine operation at
the University of North Carolina seismograph vault at Chapel Hill, North
Carolina. Although the system performed well [Minear, 1965], the background
noise level at the UNC station was too high to permit recording of local
earthquakes located mainly in the Southern Apralachians. At present,

a remote vault is currently under construction by the University to provide
an up-to-date seismic facility.

2) Refraction work was carried out using local quariyv blasts as

energy sources.




3) Local travel-time curves were developed using several of the major
local earthquakes which were well recorded by portable and permanent stations
in the region.

4) P-residuals were computed for several hundred epicenters recorded
at the Cumberland Plateau Seismolog.cal Observatory and Chapel Hill, North
Carolina. A systematic dev!ation of the residuals similar to that noted
by other investigators was found., This deviation cannot be explained by
crustal velocity variations and must indicate a real error in the Jeffreys-
Bullen travel-times.

5) Estimation of focal depth, magnitude, and emergy release from
previous inten:ity stucies of four Southeastern earthquakes were made.

6) Total thickness of the Southern Appalachian crust was destermined
using Bouguer gravity anomalies and the sin x/x method of cowputing the
mass anomaly producing a given gravity anomaly.

7) Crustal and upper mantle structure was determined using fundamental
and first higher Rayleigh mode group velocity dispersion.

8) Computer programs were written for bandpass filtering, computation
of P-residuals, least squares epicenter location, ccomputation of theoretical
travel-times from a given velocity structure, computation of theoretical
Rayleigh dispessicen curves and modal shape, computation of the variation
of phase velocity with layer parameter variations, and the computation of
the mass anomaly from a given gravitv anomaly profile.

At the start of the project, it was anticipated to do considerable wurk
on phase and amplitude spectra of bot™ seismic signals and background noise,
Also, it was hoped that more work could have been done on general seismicity,

distribution of epicenters, tocal depth, and energy release. Failure co
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acquire a digital system and the fact that much work had been done on back-
ground noise did not make the study of specira appear worthwhile. The
general seismicity study was frustrated by the poor recording station dis-
tribution in the region., Therefore, crustal and upper mantle structural
studies utilizing refraction, gravity, and surface wave dispersion were
concentrated on,

This report specifically covers the local travel-time curves for the
Southern Appalachian region (Sec. 2), the determination of crustal thickness
from grav.ty data (Sec. 3), the computation of theoretical dispersion curves
(Sec. 4), the determination of Rayleigh group velocities (Sec. 5), and the
crustal and upper mantle Structure in the Southeastern United States (Sec, 6).

Numerical computational methods, tables, charts, and computer program

listiags are dresented in the Appendices.




2.0 TRAVEL-TIME CURVES FOR THE SOUTHEASTERN UNITED STATES

Travel-time curves were determined by using data from three local
earthquakes which were well recorded by Worldwide Standard Seismograph
Stations and portable Vela stations operating in the Southeastern United
States [Minear, 1966]. Fig. 4 shcws the location of the epicenters and
recording stations. Travel-time curves drawn from the local earthquake
data are shown in Fig. 1. Refraction data obtained from quarry blasts and
during the East Coast Onshore Offshore Seismic Experiment an theoretical
travel-times computed for a typical linear mountain from the Herglotz-
Wiechert equationc are also plotted in Fig. 1.

Travel-time curves corresponding to arrivals from the first crustal
layer and from the crust mantle boundary are drawn from first arrivals
and are estimated accurate to withint .1 km/sec. Second arrivals were used
to define curves corresponding to two major crustal layers. No major third
layer in the crust is indicated by the refraction and earthquak~ data.
However, first arrivals from the refraction profiles and second arrivals
from 250 to 550 km, indicate that the crustal velocity may increase r: “her
continuously from about 10 km to around 45 km. The local travel-time data

yields a crustal model of h, = 33.0 km (a = 5.88 km/sec), h2 = 10.8 km

1
(o = 6.58 km/sec), and an upper mantle velocity of 8.10 km/sec. As can
be seen from Fig. 4, the epicenters and recording stations are generally
located to the west of the core of the Appalachians. Crustal structure
determined from the travel-time data thus corresponds to the crust beneath
the Appalachiar foreland.

Velocity structures of the crust and upper mantle for the Appalachian
foreland, the Northern Alps (N), Central Aips (C), and Northern Alpine fore~

land (F) [Knopoff,et al, 1966], and a linear mountain belt are shown in

Fig. 2. Crustal velocities for the Appalachian foreland generally agree
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with those for the Northern Alps at depths greater than abtout 2 km. The
disagreement for depths less than 2 km can probably be accounted for by
the sedimentary ccver present in the Northern Alps. The 5.85 km/sec layer
in the Appalachian foreland , extending to a depth of 33 km, is thicker
than any of the Alpine structures., However, as mentioned, the Appalachian
foreland velocities may increase rather continuously from about 10 to 40 km.
Upper mantle depth in the Appalachian foreland is greater than beneath the
foreland to the north of tre Alps by 14 km and greater than bencach the
central Alps by 4 km.

A preliminary summary of seismic refraction work in the vicinity of
the Cumberland Plateau Seismological Observatory [Br ccherdt et al, 1966;
indicates a crustal model of hl = 12 km (v1 = 6,1 km/sec); h2 = 28 km (v2 =

6.7 km/sec) and an upper mantle velo.ity of 8.0 + km/sec.




3.0 CRUSTAL THICKNESS FROM GRAVITY DATA

Total crustal thickness was computed from Bouguer gravity values
along a Northwest-Southeast profile extending from about 460 km off the
North Carolina coast (33°N, 73°W) to the Kentucky-Illinois border (38°N,
88°W), The sin x/x method of Tomoda and Aki [1955] was used to compute
the depth to 2 wass anomaly producing the observed gravity anomalies.
Bouguer gravity values were taken from the American Geophysical Union
Bouguer Gravity Anomaly Map of the United States. Fig. 3 shows the gravity
profile values, t.ie total crustal thickness computed from these anomalies,
and regional subsurface geology. The subsurface geological intormation was
o.tained from McGuire and Howell [1963] in Kentucky, Hersey, et al [1959]
for the North Carolina continental margin, aud from the geologic map of Morth
Carolina. Crustal structure to the crust-mantle boundary at location H',
and to 2 km at i2-13 is based on refraction profiles of Hersev, et al The
subsurface geology in North Carolina is intended only to indicate possible
near surface relations between geology and Bouguer gravity anomalies.

In the sin x/x method, crustal thickness is computed from

d(nx) = d - d'(nx) 3,0-1

where d is an assumed thickness and d'(nx) is a correction to this thickness

given by

d'(nx) = Méfil . 3.0-2

M(nx) is the convolution of the observed gravity anomalies Ag(qAx) with a
symmetric function Qn which is a function of assumed crustal thickness and

station spacing. Thus,

q™m

2 Ag(qdx) ‘P__
217k q=-m “-q

M(nx) = 3.0-3
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Oscillations in the gravity values Aq(qAx) due to near surface density
irregularities can result in Aq(qAx) going positive and negative, such as

in the region over the slate belt in Fig. 3. Thus, M(nx) may oscillate
between positive and negative values which in turn yields positive and
negative oscillations of d'(nx). The ultimate effect is that in the regions
of local near surface perturbations, the total crustal thickness, d(nx), may
oscillate widely about the assumed thickness, d , as can be seen from 3.0-1.
Introduction of a densi:y contrast Ap - 'hich varies with depth will not
eliminate these oscillations. One must either choose the station spacing
wide enough so that the convolution of the anomalies with the function ¢h
effectively filters out the local perturbations or smooth the total depth
function d(nx).

From Fig. 3, it can be seen that the Carolina Slate Belt is associated
with a gravity high which effectively introduces a positive perturbation on
the regionally decreasing gravity. If the crustal thickness is computed
without removing this perturbation, the thickness oscillates about the
assumed thickness beneath the belt. As shown in Fig. 3, the local gravity
high over the slate belt can be largely accounted for if the belt is
approximated by a two-dimensional block with lateral extent equal to the
slate belt, an 8 km depth and a density contrast of .26 gm/cm-3.

Crustal thickness was computed from 3.0-1 using 3.0-2 and 3.0-3 with
an assumed crustal thickness of 45 km and a station spacing of 60 km. The
tiaickness values were then smoothed with a three point moving average filter
(.25, .50, .25) resulting in the smoothed crustal thickness curves showvn in
Fig. 3. Two curves are plofted, corresponding to crustal-upper mantle
density contrasts of .3 and .6 gm/cm-B. Since the ocean's crust is denser

than the continental crust, th¢ &% =,3 curve approximates the crustal thickness

10




better u-der the continen.al margin. The agreement with the thickness as
determined by refraction work [Hersey, ot.al., 1959] at point H' is good.
Both curves indicate a crustal thickness of at least 50 km under the
Southern Appalachians. Perturbations in the crustal thickness are caused
Ly the Cincinnati Arch and the Carolina Slate Belt. The thinning ~f the
crust necessary to produce the Bouguer anomaly over the Cincinuati arch
and the slate belt is about 9 km for the & ™.6 curve and about 4.5 km for
the &% =.3 curve. Due to the magnitude of the crustal thickness changes,
it appears that the sources of the local highs over the Cincinnati Arch
and the Carolina Slate Belt are relatively near surface.

The crust thus thickens from about 83 km at the North Carolina coast

to about 51 km beneath the core of the Appalachians and then thins to about

43 km at the Kentucky-Illinois border.

11
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4.0 DETERMINATION OF RAYLEICH GROUP VELOCITY

The locations of permanent recording stations in the Southeastern United

States lie principally along the Appalachian trend (See Fig. 4). Permanent
worldwide standard stations capable of recording long-period seismic signals
are located at Spring Hill, Alabama (SHA); Atlanta, Georgia (ATL); McMinnville,
Tennessee (CPO) ; Blacksburg, Virginia (BLA); and Oxford, Mississippi (OXF).
Portable long-period units have been operated by the Geotechnical Corporation
under project Vela, but these stations are also located along the Appalachians.
Because of the w.dely space station, it was 1impossible to calculate
phase velocities directly using triangular arrays of stations. Therefore,
epicenters were selected to give travel paths parallel or perpendicular to
the Appalachian trend. It was hoped that variations in crustal and upper
mantle structure between stations lccated along the Appalachians could be
detected by observing the variation of group velocity of a wave train travel-
ing the station sequence SHA -ATL -BLA parallel to the Appalachian trend or by
comparing group velocities at BLA and ATL from waves arriving perpendicular
to the Appalachian with those of a normal continental structure.

On the basis of epicentral location, signal amplitude,and availability

of records, two epicenters were selected for study. Table II gives the

information pertinent to these epicenters.

Table 11

Epicenter Time Magnitude | Focal Distance (km)

Location Date (USGS) (USGS) Depth(km) to

(USGS) (USGS) station

Jalisco, Mex. i1l Oct., 1963 {10:17:07.6 5.0 33 BLA - 3286.3
17.8N, 105.9W OXF - 2467.3
SHA - 2291.0
iS. Alaska 29 June, 1964 | 07:21:32.8 5.6 33 BLA - 5488.0
j62.7N, 152.00 OXF - 5276.3
L SHA - 5110.0

12
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Records from the standard stations were hand digitized at two second
intervals using a plastic grid overlay. This digital data wa. stored on
magnetic tape for processing. Since the azimuths of the epicenters measured
from the recording stations did not coincide with either of the horizontal
component seismograph orientations, Rayleigh wave motion was contaminated
by Love wave motion. In order to separate the Rayleigh and Love wave
motions, radial and transverse seismograms were generated from the North-
South and East-West components at each station. The relations used in the
transformations were

radial component = r = OE cos6 + ON sin® » and

transverse component = t = OE sin® - ON cos6 .

where
€ = azimuth of epicenter from station measured counterclockwise
from east,
OE = east-west component amplitude, positive toward east,

ON = north-south component ampiitude, positive toward north
r>0 => radial motion toward epicenter, and

t>0 => transverse motion to right of propagation direction.

Sections of Rayleigh wave motion were then determined from visual inspection
of plots of the radial and transverse components. Determination of the
particle motion of small amplitude high frequency motion in the presence

of la.ge amplitude low frequency motion is difficult, Ideally, the radial
and transverse components should be band-~pass filtered to separate the
frequencies and particle motion then determined for specified frequency
intervals. However, due to the computer time involved, this was not feasible
for this study. Since only the first higher Rayleigh mode was present on

the recordings, the particle motion for the frequencies ip “lved could be

fairly well obtained from the unfiltered radial and transverse components.

14
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Vertical component records were convolved with 101 point, digital,
band-pass filters described by Minear [1965). Pass bands of 60-100, 25-62,
16-30, 10-17, and 7-13 sec were used successively. The filtered data was
plotted by using a Calcomp plotter. Period was obtained by reading the
peak-to-peak period from the Calcomp plots. Arrival time for the period

was taken as the time defined by

Group velocity wais then obtained by dividing the epicentral distance by
the arrival time.
Group velocity vs. period data for the Southera Appalachians is

presented in Table III and . rigs.8-1l.

15




FFICENTER=N . ALASKA
STATION-ATIARNTA, GA,

Fundamentel Rovleigh

forfod(sec) Group Yelocity(wu/nec)

5%, b0 nn
52,25 1.72
al by 3.93
§6, 90 3.62
3..81 3.4%
30,62 3.38
26,09 3.29
27,00 3.24
27,00 3.19
24,67 3.14
19.31 3.05
18.608 3.02
18.84 2,96
18.21 2.99
18,06 2,86
18 06 2,31
17.90 2,91
10,80 2.94
16,17 2,88
15.70 2,81
15.17 3.04
14,13 2.98
13.25 3.02
13.03 j.o7
12.09 3.13
12.09 3.00
16,99 3.11
1. 99 3.09

9.26 3.0l

7.54 3.0l

7 %% .00

1.22 2.99

6.59 2.98

EPICENTER-JAL1STO, MEX,
STAT10N-ATLANTA, GA.

Fundamentel Reyleigh

Periodisec) Group Velocity(km/sec)
$5.89 3.76
44.90 3.52
19,79 3.34
33.7% 3.20
27,48 .20
22.45 3.11
19.94 3.08
17.11 2,97
1+.80 2,92
12,40 2.89
12,09 2.0
11,93 2.66
11.78 2.85
11.7% 2.82
L. 2.78
14,97 2.69
10,99 2.66
16,36 2,75
in.21 2.715
1,05 .12
16,409 2,69

9.8y 2.13
K. 9% 2.62
H, 2 YALY
8.20 2.64
L] 2.40
LA 2.58
LI 2.9%
ihy 2,64
LT 2.5,

TABLE 111,

RAYLEICH WAVE GROUP VELOCITIES POR TiE SOUTHERN APPALACHTANS

First Higher Keyleigh

Period(sec; Group Veloucity(km/eec)
8.64 3.52
7.8% 3.36
7.8% 3.9%
7.8 3.81
7.07 3.49
r.07 3.47
7.07 3.49
6.28 3.46
6,28 3.4
6.91 3.%0
6.12 3.54
6.12 3.47
5.68 3.%2
$.34 3.43
4.5 .33

Firet Hi, ~tyleigh

Period (sec) Group Velocity (km/sec)
10.08 3.25
9.89 3.29
9.89 3.2
8.79 3.16
8.32 2,98
8,01 3.13
8.01 3.0
8.01 3.00
7.8 J.o8
1.07 3.18
6,28 3.10
$.81 3.03

EPICFNTER-3. ALASTA
STATION-OXPORD, MISS.

Pundasents]l Rayleigh

Period(sec)

67.04
354.79
40.04
34,54
31.40
29,05
26.8%
24,81
24,63
231
23.08
21.51
20,23
19.94
19.94
18,37
18.06
17.74
17.43
16.64
16.17
16,17
16.01
15.86
14.97
14,86
14.70
13,56
13.19
12.87

Group Velocity(km/eec)

3.8
3.67
.y
1.49
3.
3.3
1.14
3.29
3.24
3.09
3.08
2,97
3.01
2.9
2.93
2.91
2.88
2.90
2.88
2.n
1.83
.76
.18
2.80
2,88
2.86
1.83
2.8
3.03
2,98

EP1CENTER-JAL1ISCO, MEX.
STAT1ON-SLACKSBURG, VA.

Fundamectel Reyleigh

Period(esc)

65,16
62,02
50.08
19.41
32,34
.
29.67
26,38
23.90
23.40
19. 80
19.30
18.10
14.29
13.50
12,56
12,09
11.93
11.78
9.89
8,01
6.12

Grovp Velocity(km/eec)

4.11
3.81
3.38
3.38
3.16
3.26
3.07
2.99
.92
2.87
n
.m
.69
a.n
2.7
2,10
2.63
2.68
2.60
2,38
2.36
2,53

Fundamental Reylelgh

Period(sec)

12.40
12.40
11.78
11,62
10.52
9.89
9.89
9.89
3.73
9.73
8.32
8.16
8.01

Group Velocity(km/sec)

3.01
2.9
3.07
3.0%
2.98
2.9
2,92
2.%
2.95
2.88
2.9)
2.8¢
2.89

Piret Nigher Rayleigh

Period(sec)

18.37
16.17
16.01
14.13
13.97
13.82
13.66
33.388
13.38
13.03
12.2%
12.09
11.93
11.93
11.78
11.46
10.68
10,08

9.73

9.26

8.16

8.01

7.8%

5.97

Group Velocity(kmn/wec)

276
3.86
3.98
.n
323
3.9
3.5
3.70
3.5
3.49
3.0
3.3s
3.45
3N
3. 19
3
3.1
3.1
3.04
3l
3.0
3.0
1.0
.03




TABLY 111 (CONT'D)

EPICERTFR-S,

ALASKA
STATION-HLACKSHURG, VA,

Fundamental Rayleigh

Period(sec)

bh, 88
62, bk
58,88
49,14
39.41
39.41
31.40
27,00
25,43
25.28
21.82
19,94
19,94
18,568
18,06
18.06
17.58
17.58
16.17
15.86
15.39
13.97
11.62
11.62
11,30
10,21
9,42
9.26
8.32
8.16
8.01
7.8%
7.85
7.22
1.22
1.22
6.91
6.81
6.75
6.75
6.28
6,28
6,12
3.65

Siroup Velocity(km/se¢)

4.08
3.88
.n
.73
3.62
3.53
343
3.20
3.15
3.10
3,06
3.03
2,97
i.89
3.0¢
2.94
2.87
2.8
2.89
2,92
2,87
2,84
3.08
3.04
3.06
.10
3.02
3.00
2.98
2,92
2.93
3.06
2.94
3.00
2.9
2.97
.07
3.04
3.0%
3.03
2.96
2.90
3.02
2.91

Firet Higher Rayleigh

Pericd(sec)

3.3
32.97
31,09
30.93
30.46
28.73
20.72
20,10
7.1
15.54
15,23
14,44
13.50
13.03
13.03
13.03
12.72
12.72
12,40
12,25
11.93
11.46
11,78
9.8%
8.01
7.85
1.69
6.12
6,12
6,12
6.12
5.97
5.65

Group Velocity(km/sec)

4.27
.16
4.43
4,32
4.54
4.09
4,23
4.35
4.18
4,29
3.94
3.98
4,12
4.20
4.16
4.02
3.90
3.80
3.86
3.83
3.76
3.713
3.170
3.49
3.52
3.46
3.60
3.58
3,54
3.51
3.47
3.55
3.57

v

"




5.0 THEORETICAL RAYLEIGH DISPERSION CURVES

The basic Thomson-Haskell metrix method was used to compute
phase and group velocity vs. period curves for layered earth models. A
computer program was written to compute Rayleigh wave dispersion curves
and mode shape using the modified formulation of the Thomson-Haskell
method presented by Dunkin [1965). A program was also written to compute
mode shape using the Thomson-Haskell method A discussion and comparison
of the computation metbuds used is given in this section. Appendix I and II
contain deteiled descriptions of the actual mechanics of computation
and computer programming. Fortran listings of the programs are given in
Appendix III.
5.1 Thomson-Haskell Matrix Method
As is well known, the Thomson-Haskell ma*rix gethod consists
of evaluating the roots of a determinunt formed by the repeated multiplication
of 4 x 4 layer matrices which are functions of the layer parameters of lensity,
thickness, compressional velocity, shear velocity, as well as phase velocity
and period.
Using Haskell's notation, the displacement-stress matrices at the top

and bottom of the mEh layer are given by

“n ‘m-1
¢ c
Zﬂ ¥m-1 i i
c = am c | (5.1-1)
o e
m; c 3
, 4
T I The1 E
m 3
L l. c U i
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where a = ) Fm-l is the mEh layer matrix. By repeated application of

m

(5.1-1), Haskell shows that, assuning no stresses at thc free surface

=T, 0) and no sources at infinity,

’
~
~

ro 1
| u
ra ! 2
., n c
: w (5.1-2)
At o=y =2
n . c
: mn' l 2
Lm ! i 0
| L
where J = Fn—1 T s the matrix product of the 4 x 4 layer matrices

a s eliminating An' and mn' between the four equations yields

e Ja2 = 912 Ju2 ~ 932
5— = J J = J J (5-1-3)
5 11~ 921 a1 " Ja

Since the Jij’ are functions of phase velocity and wave number , (5.1-3) is

an implicit relation btetween c and k and thus the phase velocity dispersion
function. The layer matrix elements of a are either trigonometric or
hyperbolic functions depending on whether the phase velocity is greater than

or less than the layer compiessional and/or shear velocities. The multiplica-
tion of real and imaginary components of matrices on a computer which does

not have complex number subroutines would in general’ add considerable complexity
to the problem. However, ac . shown in Appendix I, the form of the layer
matrices leads to a simple solution by which the multiplication of the matrices

with real and imaginary elements can be accomplished by the multiplication

of certain elements by + 1.
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5.2 Numerical Difficulties in the Thomson-Haskell Methcd

In practice, numerical computational difficulties are en-
countered in the repeated matrix multiplicatien required to evaluate the
roots of (5.1-3)., These difficulties are encountered as the product of
kH, where k is the wave number, and H is the total thickness of rhe layered
earth model, becomes large. Dorman, Ewing, and Oliver [1960] have used
an upper limit of about 30 for kH. When the value of kH reaches about 30,
the uumber of layers can be reduced and the computation continued with a
reduced thickness. Little error is introduced by thi~ technique. However,
for higher mcdes and hLence, higher frequencies, the product kH may be relatively
large even for layered earth models of small total taic«ness, H.

Dunkin [1965] has shown the numerical difficulties are caused by the
computation of large exponentials and a resulting loss of singificant
figures. Dunkin's development is briefly repeated below in order to show
the effect of loss of significance due to the addition of large and smalil
quantities on the Haskell matrix. The agrument is applied directly to the
Haskell dispersion equation (5.1-3) rather than to the secular equation used
by Dunkin.

Let the scalar and vector potential functions for an elastic body have

the forna

¢_ = expik(ct-x) [An exp (ikz Vézlaz._, + Bn exp(-ixz chlaz-l) ]

n
r + -
= expik(ct-x) {¢ " + ¢ |
b, = expik(ct-x) [Cn exp (ikz chlsz—l) + Dn exp(-ikz Vc2/82—1) ] (5.2-1)
+ -
= expik(ct-x) [wn -V, ]
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Using (5.2-1) and the equation

S (u,v,w) = V¢ + xy (wl, Vo w3) (5.2-2)

the displacement-stress vector, Sn’ can be expressed as

Sn (z) = Tn ¢n (z) (5.2-3)
where
r% +]
N
(z) =
° (z "
L ‘p“-.i

and Tn is a 4 x 4 matrix function of c, k, and the layer parameters.

Taking the origin at the z interface (5.2-1) gives

n-l

i
o
+
=~}

"
©
~~

N
[ o
A
+
-

%a-1 * A n n (zn-l)

wn-l n n n n-l) n n-1

At the zn interface
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-

-
b

A expikdi r
n n an

<
"

Cn expikdnren + Dn exp-ikd

The relatiocn between ¢ (z ) at the =
n'n n

interface is then

+ B_ exp-ikd r =
n n an

r
n

8

+ -
¢ (z“) + o (zn)
+ -
a = (zn) + ¥ (zn)

interface and ¢ (z ) at the 2z
n n-=1 n

¢ = -
0 ("n) En¢n (zn-l) (5.2-4)
where
expikd r 0 0 0 ]
n an
. ) expikonrBn 0 0 (5.2-5)
n 0 0 exp-ikd r 0
n an
0 0. exp-ikdann
. -d
At the n-1 interface
Sn (zn-l) - Tn¢n (zn-l)
or
o (z -7 vs @z ) (5.2-6)
n "n-l n n n-1

Now, by the boundary conditions of the continuity of stress and displacement

Sn(zn) = Sn+1 (zn) = Tn¢n (zn) (5.2-7)

Substituting (5.2-4) for ¢n(zn) and (5.2-6) for ¢n(zn_l) in (5.2-7) gives

22




-1
Sn+l (zn) = TnEnTn Sn(zn_l; . (5.2-8)
This equation is equivalent to Haskell's equation
S +1 (zn) = aS_ (zn-l) 5 (5.2-9)

By (5.2-8) the displacement-stress vector is converted into ¢n , continued
through the layer z by En , and ccnverted back into Sn(zn) at the interface
n+l which is equal to S+l (zn). The Haskell layer matrix carries the dis-
placement -stress vector from the n!:'h interface, through the layer, an. across
the n+l interface in one operation. Eq. (5.2-8) brings into evidence the
effect of the "continuing' matrix En'

Consider the matrix linking the displacement-stress vectors at the free

surface and the last layer of an assumed layered sequence.
n-1 n-1 lSo = PS0 s (5.2-10)

where

In the Haskell formulation, the matrix from which the dispersion relation

is obtained is given b+ J = Fn-lP and in the Dunkin formulation this matrix

is Tn-lP. However, considerations of the numerical evaluation of the P

matrix will yield results valid to both developments since the Tn-1 or

-1
Fn do not contain exponential powers.
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Let P be written as

P = ATET ~ B (5.2-11)
mmimnm

where

Using the definitions of Tm and Em » it can be shown that the components

of P are of the form

P,, =B,  expikd ¢ + C, expikd r + D _ expwikd r +E  expsikd r
m o m m o m

ij i] m ij Bm ij m ij Bm

\502_12)
For the Haskell development, Fn—l is of the form
. ]
Fll 0 F23 0
S 0 Fpp 0 Fy
n
F3l 0 F33 0
0 Fip O Fy
which gives for the two components le and J22
Y12 = FrPip + Figfyp » and
Yoo = P2t FalPy
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-1
Now suppose that for tho ns layer ram and r are negative imaginary

Bm

(c<a) so tha expidkmrOlm and expikdmr may be large depending on the value

Bm
of k. If the expunential term is large enough, the effect of the smaller

terms in P,, will be neglected in computing the P because of loss of

1] ij
significance. In the evaluation of the roots of (5.1-3) the difference

(le = J22) must be taken. Although the P are large, their differences

i3

may be small, Therefore, terms which were lost because of loss of significance

in computing the P and J.,.

1j 12 22
Mode shape is computed from repeated applications of (5.1-1) using the

would be important in the difference of J

starting values of ﬁo and 'wo from (5.1-3). Therefore, the same problem
with loss of significance is inherent in the Haskell method of computing modal

shape.
5.3 Dunkin Modification of the Haskeli Method

Dunkin derives the secular or period equation in the form

Det Rll = 0 (5.3 1)
Where
Rin Ry .
R = = T ~ & vee G (5.3-2)
R2l R22 P p-1 1

He shows that Det R can be expanded as a product of the second order

11

subdeterminants of Tp_l and GP yielding

ef

12 ° (5.3-3)

P-1 12 p-1 fh 1
Det Rll t Lb g td cee 8
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where g g iﬁ is the second order subdeterminant of Gp involving rows

i an¢ j and zolumns k and £. Dunkin has shown that by using algebraic
expressions for the subdeterminants of the Gp , numerical difficulties
with loss of significance can be avoided since the products of like ex-
pounentials normally occurring in the sacular function are excluded at the
start. Products of unlike exponentials for a given layer effectively in-

crease the magnitude of Det R To prevent machine overflow, the secular

11°
function can be divided by the two largest exponents when these exponenets
become real and the exponential expression becomes hyperbolic. This results
in no loss of significance.

Explicit expressions for the i} and the gij are given in Appendix
IT1 for real frequercies and wave numbers. These are slightly different
from the definitions of Dunkin,since he assumes complex frequencies.

Mode shapes are computed using the following relation of Dunkin dis-

cussed in Appendix II ,

-1 1P p-1

m, . : n _ n, jab 1 lef _
Ru (z;a) r 1r Brs °°° gvb(zn z) g (z zn-l)lcd"' g lgl (5.3-4)

5.4 Computational Prccedure

The Dunkin method was programmed in Fortran II for the Bunker-
Ramo 340 computer. Equation (5.3-1) was used for the determination of Ray-
leigh wave dispersion curves. Equation (5.3-4) was used to compute the
mode shape once the roots of (5.3-1) were obtained. A double precision
program was written in Fortran II for the IBM 360-75 using the Haskell method
for computing mode shape. Equation (5.1-1) was used for this computation.
Figs. 5 and 6 are flow charts of the computer program FLATRAY used in the
computation of Rayleigh dispersion and modal shape. A computer listing of

the program is given in Appendix III.
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Root F .nding ‘cheme

The technique used for finding the roots of {5.3-1) consists of
two steps. In order to determine roots for different modes, a gi’en phase

velocity, Cyo and starting wave number, k , are specified. K o is then

io i
incremented using the constant LR value until a root is bracketed. A two
point interpolation scheme is then used until the difference between two
values of k which successively bracket the root is less than an input value.
If more than one mode is to be investigated, k is incremented from its
value at the last root found using the same value of <5 until the next root
is found. Thus, the roots along a constant c curve are found which corresvond
to different modes. In order to define a particular mode, computation begi .s
at <, and the kio corresponding to the gesired mode. C is decremented and
k incremented by values specified as input parameters. K is varied at the
new - Ac until the root is bracketed. Two point interpolation is then
used until k is obtained with the desired accuracy. The process of de-
crementing c and incrementing k is continued until three points on a given
rodal dispersion curve are found. A three point Gregory-Newton interpolation
scheme is then used to estimate the next root on the curve. The process of
interpolation and bracketing continues until a dispersion curve is defined
to some minimum specified value of c.

Group velocity values are computed by perturbing c a small amount
from a value at which a corresponding k .as been found. K is found ror

the perturbed c and a two point difference scheme used to evaluate group

velocity, U , according to

2 _ 2
dk k2 -k
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From Table VI it can be seen that the group velocity curves computec by
the Dunkin method for many layered models agree with those computed for
models with reduced thickness to within a few te' ths of a per cent.
However, the section must be taken thick enough to include the entire
depth to which appreciable particle motion extends. This is illustrated
by the first higher mode for the Gutenberg-Birch II model. The period
value at 5.00 km/sec is 50.03C1 sec for the 400 km section, and 46.4060
sec for the 1000 km section. However, reference to the displacement vs.
depth curves in Appendix IV shows that the 470 km section does not include
the total depth to which vertical particle motion extends at this period.

Although thick sequences can be used to compute shorter period group
velocity curves, it is considerably more economical in computer tire to
use thinner sequences of fewer layers. Displacement depth curves, such
as those in Appendix IV, can be used to indicate the necessary total

thickness to be used at given periods.

Modal Shape

After a point (c,k) was found on a given dispersion curve, the
mode shape for the given (c.,k) was computed using (5.3-4). Horizontal
and vertical displacements vs. depth values were then punched out on cards
to be used in computing the variation of phase velocity due to variation
in layer parameters from INTEGRAL., Modal shape was computed using both
the Dunkin and Haskell methods. A double prxecision program was used in
computing modal shape by the Haskell Method. Table IV shows the comparative
results for the two methcds. Values for horizontal and vertical particle
amplitudes agree very well (<,03%) for the first four layers in each case
considered in Table IV. After this, the differencas between the two methods

increase rapidly. The rapid increase of particle amplitude with depth in
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TABLE IV. Fundamental Rayleigh mode vertical and horizontal
Particle amplitudes computed by Dunkin and Haskell
Methods for the Gutenberg-Birch II model. Displacement
normalized to the vertical displacement at the surface

Period = 25, .440
Phase Veloc.cy = 3.8000
7 Layer model

Section Thickness = 140 km

HASKELL METHCD DUNKIN METHOD
Vertical Horizontal Vertical Horizontal
1.000000 . 6950871 1.00¢9000 -.6950871
.886979 .0084581 .886972 .0084451
.518503 .0569591 . 518524 .0568251
.303885 .1063181 «304132 .0400851
.164817 .0761211 .062881 .0126391
.078571 .0509691 .014165 .0034631
.018264 . 0484314 .002693 .0009951
Period = 25.1380
Phase Velocitv 3,8000
17 Layer mndel Section Thickness = 400 km
1,000000 -.6950441 1.00000C -.6950441
. 886837 .0086111 . 886883 .0085831
.518193 .0569161 .518278 .0569481
.303773 .1056621 .363749 .C401191
.165958 .0734501 062646 .0126671
.084840 .04129841 .013984 .00349741
.043072 .0154241 .002541 .0010301
.034665 -.0212121 -.000083 .0004061
087474 -.1191061 -.000€34 .0002461
« 324986 -.4357484 -.000713 .0001991
1.1173859 -1.4545031 -.000685 .0001791
4.078959 -4.9270861 -.000643 .0001651
13.757256 ~16.1905901 -.00059~ .0001531
45.749210 ~53.0181841 -.000553 .00U1434
150.983339 -173.2435981 -.(J0512 .0001331
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TABLE IV (Cont'd)

Period = 25.1380 (cCont'd)
Phase Velcoity=3.8000
17 Layer model

Section Thickness = 400 km

32

HASKELL METHOD DUNKIN. METHGD
Vertical Horizontal Vertical Horizontal
8.176407 -567.5807251 -.000474 .0001231
10070,040164 1 -11362.1297284 -.001556 .0000261
Period = 106.4400
Phase Velocity=4.2000
35 Layer modeil
Section Thickness = 2898 km
1.000000 -. 8380621 ' 1.000000 -.8380621
1.047271 -.5990881 f 1.047270 ~.5990121
1.054375 ~.4060961 § 1.054340 -.4059721
1.048108 -.1909051 ; 1.048030 -.1626711
1.010899 -.0527151 .968018 -.0486231
.954535 .0438221 . 883244 .0393891
.886795 .1098891 .793526 .0953051
.81252¢ .1520151 .703175 1274424
.735438 17595741 .A15440 1425871
.658577 .1869151 .532770 1463311
.583974 .1879691 456412 .1420871
.513373 .1825901 . 387350 .13315014
447853 .1730011 .325880 1216334
.387824 .1607891 g .271911 .1088621
.333572 1476171 i .225107 .0961331
.284944 .1341264 ) .184894 .0839571
.184929 .0991591 . 115100 . 0486511
.1°4067 .0723334 .055227 0274974
624591 .04343541 .008158 .0065751
-.005338 .0396271 -.00149% 0047614,
-.034168 .0439991  -.004566 .0042311
-. 117644 .0864391 ! -.011717 .0032201
-.299456 .1955751 } -.010744 .002691:




TABLE IV (Cont'd)

Period = 106.44C00 (Cont'd)

Phase Velocity=4.2000

35 Layer model

Vertical
-.734195
-1.732194
-7.174500
67.316536
2727.220784
58523.227239
.108 x 107
.188 x 108
.319 x 109
.525 x 1010
.855 x 1011
.329 x 1012

Section Thickness = 2898 km
HASKELL METHOD

Horizontal
.4387981

. 8698931
-1,4270811i
-162.89323141
-3866.6973961

-72877.2524314

-.127 x 107 i
-.214 x 108 1
.355 x 109 1
-.576 x 10103

.928 x 10114
-.352 x 10123

33

DUNKIN METHOD

Verticel Horizontal
-.009416 .0022971
-.008134 .0019341
-.023747 .0005461
-.006543 0001411
-.001763 .0000361
-.000463 .0000091
-.000119 .0600021
-.0N0030 .0000001
-.000007 . 0000001
-.000002 . 0000001
-.000000 . 0000001
-.000000 .0000001
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the Haskell Method results from the repeated multiplication of 4 x 4

layer matrices and gradual loss of significance in the matrix multi :'ication.
Since the Haskell Method starts at the top layer and works down,and the
Cunkin Method starts at the botteom layer and works up, the agreement of

the two methods in the near surface layers iadicates that the Dunkin Method
is yielding correct displacement values over the entire layered sequence.

In some cases wheun relative high frequency points on a dispersion curve
were being computed with a many layered model, displacements computed by

the Dunkin Method showed some slight perturbations with depth rather than

2 smooth decrease. Displacement values also tended to change signs as

tney decreased to very small quantities with depth. This is seen in the
vertical displacemencs for the 35 layer case in Table IV. Horizontal displace-
ment curves generally have one more lobe than the corresponding vertical dis-
placement curves.

Modal shapes for the Gutenberg-Birch model are shown graphically in

Appendix 1IV.
Earth Flattening Approximation

The earth flattening approximation introduced by Alterman, Jarosch,
and Pekeris [1961] was used to modify the layer velocities. As has been
shown by Kovach & Anderson [1964],the effect of sphericity is not negligible
even for higher modes. The linear increase in velocity introduced in the

earth flatteniny appror-imation is specified by the parameter

The value of r for a layer was taken as the radius to the center of the
layer; a is the mean radius of the earth, 6371 km, Layer velocities approxi-

mately corrected for sphericity are then given by

o
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5.5 Variation of Phase Velocity with Layer Parameters

The energy irntegrals for elastic wave propagation [Meissner,

1926; Jeffreys, 1934] have been used by several authors, notably Anderson

[1964] and Takeuchi and Dorman [1964] to derive explicit relations between

the variation of phase velocity and the variation of layer parameters.

Necessary data for the evaluation of the partial derivatives oi phase velocity

with respect to layer parameters are horizontal and vertical particle amplitude

vs. depth values.

For Rayleigh waves, the potential and kinetic energy averaged over a

cycle are

4T f pwz (u2 + wz) dz

W= f A umw)? 4+ p(2k?u?

where
u = horizantal displacement
w = vertical displacement
a' = 9

+2u'%) +k

2.2 2

wo +u' © 4+ 2ku'w] dz

3% » and the integration extends over the entire depth.

Using the fact that the kinetic and potential energy averaged over a period

are equal we obtain




2 2 .
w Il = k (I2 + IS’ + k(I3 + 16) + (I4 + 12) R
where

I = J p(u2 + w2)dz I = l Auzdz

1 2 )
1 = J 2 uw'dz I, = fkw'zdz

3 4

f
I5 = Ju(Zuz + wz)dz 16 =-f2uu'wdz

I = fu(Zw'2 + uz)dz

For a layered sequence of n layers, one can define

zm+l

2 2
Ilm I p (W + wh)dz
z
m

and similarly for the other integrals, Thus,

(5.5-1)

(5.5-2)

(5.5-3)

(5.5-4)

A perturbation of a layer parameter in the mEh layer will cause a perturbation

in the integral, Ii ’

§I, = I

36

for the entire layered sequence of

(5.5-5)
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Differentiating (5.5-1) with respect to the layer parameters, the partial

derivatives of ¢ with respect to the layer parameters are obtained. Thus,

= (ck —11_ + CkT}E + c—;—)/D (5.5-6)

where

D= k[2k(I2 + 15) + I3 + 16]

with the integration of the integrals in D extending over the entire layered

sequence,

ol
acC 2 1 .
(3pm) Asbydyw mew op /D (5.5-7)
oI a1 oI
3c 2 pi 3m 4m _

(axm) 1,0,d,u (ck” 53— +ck3g=+ c557) /D (5.5-8)
9¢C ac 9cC ;
2SS | = S - LS (5.5~
(aem) Pya,dyw 206[(3um) pyA,d,yw 2 (BAm Hyp,d, : [5.3~9)

Assuming p,a,8 as independent and p,A,u as dependent

ac 9c ac 3>‘m 3¢ aum
(Bpm) a,B,d,w (Bom) Ay (3Am) PyH ‘apm) a, b (Bum Py (3Dm) G, B .
Substituting
(3\2) - 2 - 282 and
P," @B @ L
q;£5 asB = B
Dm ’
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gives
(gf;) a,B,d,w -cw2 z;lm /D + (%ﬁg)u,p,w,d (azm - ) + Bz(gg “PyA,d,w
(5.5-10)
(%ﬁg) p,8,d,w = meam (%;-ﬁ pyu,dyw (5.5-11)
(%3 b, " [—cm2 -;%1— + ck? (—B-Eg-+ -;}5-) + ck (23-'+ Eﬁs—) + c(314 a:7)]/D
The group velocity can be expressed in terms of the integrals Ii by
. ] Z(I2 + IS)k“ + "(13 + 16) G Sl

Equations (5.5-6,, (5.5-8), (5.5-9), (5.5-10), (5.5-11), (5.5-12),
and (5.5-13) with the defiuitions of (5.5-2) were programmed for the IBM
360-75 computer. The integrals of (5.5-2) were evaluated numerically using
polynomial approximations to the particie displacements obtained from the
modal shape calculations. A sliding fitting procedure was used in determining
the polynomials. In thirc procedure, a pulynomial is fitted to say n points

at the depths 2y 2 o and the integrals and their derivatives

i+1 ° %y

evaluated over the interval Zien ~ %4 The polyncmial fit is then shifted

tc drop one layer and pick up one layer, i.e., to the points at depths
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cco & By using polynomial approximations, the integrals

Zi+1 * H42 0 i+1+n °

of the derivatives are simply the integrals of the derivatives of the
polynomials, Third degree polynomials were found to give udequate fits to
the cisplacement data.

A Fortran listing of the program, INTEGRAL, for computing the partial
derivatives of phase velocity ,c , with respect to layer parameters is
given in Appendix III. Results of computation of the partial derivatives

for the Gutenberg-Birch i[ continental model are given in Appendix IV.
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6.0 CRUSTAL AND UPFER MANTLE STRUCTURE IN THE SOUTHEASTERN UNITED STATES

Gravity, local travel-time, and Rayleigh wave dispersion data
were used to determine crustal and upper mantle structure for the South-
eastern United States. Results of the Rayleigh dispersion study and a
comparison with the gravity and travel-time results are given in this
section,

Observed dispersion curves could be constructed only for periods less
than about 50 seconds. Therefore, crustal structure was concentrated on
and the upper mantle structure below 70 km was assumed to be that of the
Gutenberg-Birch II continental model. The Gutenberg-Birch II crustal
structure was used as the basic model for estimating the Southern Appalachian
structure. Variations of phase velocity with layer parameters computed for
the Gutenberg-Birch II model (See Appendix IV) were used to vary this basic
model to yield dispersion curves fitting the observed data. Velocity and
density structure of the models considered are given in Thble V and Fig.

7. Values of the "earth flattening" velocities for the Gutenberg-Birch II
are also given to indicate the effective increase of velocity with depth.

Fundamental and first higher Rayleigh mode group velocity vs. period
data observed in the Southern Appalachians (Table III) are shown in Figs.
8-11., Rayleigh wave dispersion curves computed as described in Section
5.0 are given in Table VI and Figs. 8-11 for the models Gutenberg-Birch II,
310, 314, 315, and 320 defined in Table V.

Group velocity curves for waves traveling approximately perpendicular
(perpendicular waves) to the Appalachians are quite similar (Figs. 8~11).
They all have a local minimum of about 2.85 km/sec at a period of 17 sec,
and a local maximum of about 3.10 km/sec at around i2 sec. Fcr periods
shorter than about 10 seconds the curves flatten out at abeut 3.0 km/sec.

First higher Rayleigh mode curves indicate a bread minimum of 3.5 km/sec
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TABLE V.

Qa

6.1400
6.5800
8.G€00
7.8700
7.8000
7.8300
7.8900
7.9400
8.0000
8.0600
8.1200
8.2000
8.2700
8.3500
8.4300
8.5100
8.7500
9.0000
9.4900
9.7400
9.990u
10.5000
10.9000
11.3000
11,4000
11.8C00
12,0500
12,3000
12,5500
12.8000
13.0000
13.2000
13,4500
13.7000
13.6500

FLAT EARTH
B P
3. 5500 2.7500
3.8000 2.9000
4,6000 3.5700
4.5100 3.5100
4.4500 3.4900
4,4200 3.5000
4.4000 3.5100
4,3900 3.5300
4.4000 3.5500
4,4200 3.5600
4,4507 3.5800
4,4800 3.6100
4,5200 3.6300
4,5700 3.6500
4,6100 3.6800
4.6600 3.7000
4.8100 3.7700
4.9500 3.8500
5.2200 4,0000
5.3600 4,0700
5.5000 4,1500
5.7700 4.3000
6.0400 4.4200
6.3000 4.5400
6.3500 4.5700
6.5000 4.6900
6.6000 4.7700
6.7500 4,.8500
6.8500 4.,9200
6.9500 5.0000
7.0000 5.0600
7.1000 5.1200
7.2000 5.1900
7.2500 5.2700
7.2000 5.2500

d

19.00
19.0C
22.00
20.00
2C.00
20.00
20.00
20.00
20.00
20.00
20.00
20,00
20.00
20.00
20.00
50.00
50.00
100.00
50.00
50.00
100.00
100.00
100.00
100.00
200.00
200.00
200.00
200.00
200.00
200.00
200.00
200.00
200.00

98.00
00

41

GUTENBERG-BIRCH II

G

6.1486
6.6090
8.1422
7.9574
7.9115
7.9670
8.0541
8.1314
8.2192
8.3074
8.3961
8.5067
8.6074
8.7191
8.8313
8.9670
9.2969
9.6840
10.3422
10.7062
11.1249
11.9007
12.5775
13.2798
13.7780
14.8243
15.7602
16.7759
17.8824
19.0925
20.3437
21.7245
23.3411
24.7819
25.0395

B

3.5550
3.8167
4.6354
4.5601
4.5136
4.4974
4.4915
4.4958
4.5206
4.5557
4.6013
4.6476
4.7044
4.7720
4.8294
4.9102
5.1106
5.3262
5.6888
5.8917
6.1248
6.5397
6.9696
7.4038
7.6746
8.1660
8.6321
9.2063
9.7606
10.3666
10.9543
11.6852
12.4949
13.1145
13.2077

2.
2.
3.
3.
3.
3,
3.
3.5300
.5500
. 5600
. 5800
.6100
. 6300
.6500
.6800
3.
3.
3.
4,
4.
4,
4,
4.
4,
4,
4,
4,
4.
4.
5.
5.
5.
5.
5.
5.

WWWWWWWW

Layer Parameters for Crustal and Upper Mantle Models

EARTH FLATTENING

P

7500
9000
5700
5100
4900
5000
5100

7000
7700
8500
0000
0700
1500
3000
4200
5400
5700
6900
7700
8500
9200
0000
0600
1200
1900
2700
2500

d

19.00
19.00
22,00
20.00
20.00
20.00
20.00
20.00
20.00
20.00
20.00
20.00
20.00
20.00
20.00
50.00
50.00
100.00
50.00
50.00
100.00
100.00
100.00
100.00
200.00
200.00
200.00
200.00
200.00
200.00
200.00
200.00
200.00
98.0n
oo




TABLE V.

a

5.8800
6.1400
6.5800
6.5800
8.0800

Same as Gutenberg-Birch II

a

5.8800
6.1400
6.5800
6.5800
7.0000
8.0800

(Cont'd)

MODEL 210

B b
3. 3800 2.6700
3.5500 2,7600
3.8000 2.9000
3.8000 2.9000
4,6000 3.5700

MODEL 315

8 P
3.3800 2.6700
3.5500 2.7600
3.8000 2.9000
3.8000 2.9000
4.1000 3.1000
4.6000 3.5700

10.00
10.00
10.00
10.00
20.00

to 400 km

d

10.00
10.00
10.00
10.00
16.00
20.00

Same as Gutenberg-Birch II to 810 km
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a

5.8800
5.6000
6.1000
6.6000
7.0000
8.0800

Same as Gutenberg-Birch II

a

5.8800
5.8800
6.1000
6.6000
7.0000
8.0800

MODEL 314
B P
3.3800 2.6700
3.2400 2.7600
3.5000 2,9000
3.8000 2.9000
4.1000 3,1000
4.6000 3.5700

MODEL 320
8 P

3.3800 2.6700
3.3800 2.7500
3.5000 2.9000
3.8000 2.9000
4.,1000 3.1000
4.6000 3,5700

d

10.00
10.00
10.00
16.00
10.00
20.00

to 810 km

d

10.00
10.00
10.00
10.00
10.00
20.00

Same as Gutenberg-Birch II to 810 km
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TABLE VI,

Rayleigh wave dispersion curves for Gutenberg-Birch II models,
and models 310, 314, and 315

GUTENBERG-BIRCH 11

FUNDAMENTAL RAYLEIGH MODE

WWwwbwowwds> &>

Wwwwse

W wwiws

. 5000
.4000
.3000
1999
. 0999
.9999
.8999
.7999
.699S
.5998
.4998
.3998

.0000
.9000
.8000
. 7009
.5999
.4999
.3999

.0000
.9000
.8000
.7000
.5999
.4999
.3999

Section Thickuess

k T
.00850 164.2671
.00961 148.5391
.01131 129.1709
.01405 106.4402
.01984 77.2556
.03815 41.1794
.05419 29.7316
.06624 24,9623
.07815 21.7314
.09202 18.9673
.10996 16.3264
14161 13.0509

Section Thickness
.03801 41,3293
.05534 29,8693
.06578 25.1380
.07808 21.7493
.09207 18.9572
.11010 16.3054
.14220 12.9958

Section Thickness
.03730 42,1107
.05409 29.7861
.06576 25.1423
.07762 21.8791
.09150 19.0747
.11001 16.3184
14249 12.9695

F/RST HIGHER RAYLEIGH MODE

KRRV IRV, IR, IV, BV, IR, e )

.0000
.9000
.8C,0
.6999
.5939
.4999
.3999
.2999

Section Thickness

k T
.01020 102.6767
.01091 97.6155
.01174 97,2541
.01269 86.8711
01377 81.4673
.01503 75.9839
.01653 70.4033
.01832 64,7021

44

2898.00

4v0.00

140.00

2898.00

3.6990
3.7695
3.8361
3.9112
3.7346
3.4039
3.1759
3.0493
2.9510
3.033%
3.1084

3.4253
3.2096
3.0305
2.9639
3.0331
3.1018

3.4066
3.1768
3.0923
2.9947
3.0426
3.0688

4.503C
4.4644
4.4340
4.4137
4.3971
4.3821
4.3720

143.8940
123.5369
99,2251
65.9224
37.1515
28.3452
24.0856
21.0107
18.3398
15.5185
11.9219

28.4013
24.1929
21.0535
18.3140
15.4998
11.9019

28.3880
24.2579
21.0892
18.3862
15.49°1
11.8907

96.2532
90.8938
85.5044
80.07389
74.5686
68.9585
t3.2178




TABLE VI.

(Cont'd)

FIRST HIGHER RAYLEIGH MODE (Cont'd)

c

5.1998
5.0998
4.9999
4.8999
4.7999
4.6998
4.5998

5.4000
5.3000
5.2000
5.0999
4£.9999
4.8999
4.7999
4.6998

5.0000
4.,9000
4.8000
4.6999
4.5999
4.4999
4.4000
4.3000
4.2000
4.0999
3.9999
3.8979
3.7999
3.6999

Section Thickness

2898.00 (Continued)

k T
.02053 39 578
.02331 52.5603
.02690 46,7207
.03172 40.4258
.03854 33.9652
.04900 27.2834
.06780 20.1477

Section Thickness
.01661 70.0684
.01837 64.5405
.02062 58.5864
.02345 52.5303
.02708 46.4060
.03199 40.0905
.03879 33.7500
.04933 27.1034

Section Thickness
.02512 50.0301
.03111 41.2115
.03846 34.0337
.04883 27.3780
.06819 -0.0320
.11357 12.2945
.151:9 9.4265
17634 8.2863
.20128 7.4324
.22937 6.6814
.25763 5.86%4
.32599 4.9423
.43139 3.8330
.61350 2.7681

Section Thickness
.32410 4.9709
43142 3.8327
.61704 2.7521

45

1000.00

400.00

140.00

U

4.3631
4.3539
4.3448
4.3363
4.3316
4.3340
4.3586

4.4587
4.3608
4.3509
+. 2904
4.3225
4.3062
4.3338

4.4079
4.3302
4.3458
4.3531
4.1959

3.5422
3.3111
3.3545
3.4094
3.4869
3.4694
3.4616

3.9414
3.4763
3.4545

T

57.3296
51.2881
45.1023
38.7565
32.2275
25.4277
17.9272

62.8706
57.0707
50.9751
44.9442
38.4821
32.1265
25.2612

39.2169
32.2991
25.4449
17.8824
11.2612

8.0520
7.2619
6.4906
5.6467
4.6556
3.5446
2.4623

8.4005
3.5371
2.4586




TABLE VI,

(Cont'd)

SECOND HIGHER RAYLEIGH MODE

WWwwdsepepee s

W w8

. 9000
.8000
.€999
.5999
.5000
.3999
.2999
.1999
.0999
.9999
.8999
.7998

. 6000
. 5000
.3999
.2999
.1999
.0999
.9999
.8999
.7998

R

.05537
.06549
.08015
.10807
.25165
.29310
.32739
.36497
40722
47463
.59153
.84393

.09402
.25218
.29289
32734
.36532
.40970
.47503
.58812
.84289

Section Thickaess

23,
19.
16.
12,

5

T

1581
9891
6789
6396

.5484
4.8721
4.4632
4.
3
3

0990

.7634
.3096
2.
1.

7237
9593

Section Thickness

S —x

=

=W W e

.5273
.5369
.8756
4640
.0951
7406
.3769

7395

.9617

46

400.00

140.00

.2866
.2627
.2938
.3836
.9105
4642
.2661
.1949
.4253
4644
3.5669
3.4754

WWwwwswesos e

3.8832
3.5369
3.3107
3.3051
3.3130
3.4600
3.5842
3.4812

T
22.2932
19,1184
15.6739
11.0562

5.3337
6.2623
4.3787
4,0190
3.6417
3.1683
2.5201
1.8086

5.3339
4.7581
4,3744
+.0019
3.6409
3.1671
2.5214
1.8076




TABLE VI. (Cont'd)

MODEL 314

FUNDAMENTAL RAYLEIGH MODE

Section Thickness 810 km

c k T
4.5000 . 00800 174.4980
4,4000 . 00910 156.9458
4.3000 .01054 138.6728
4.1999 .01273 117.4773
4.0999 .01661 92,2917

Section Thickness 310

¢ k T
4,.0000 . 02547 61.6759
3.9000 .03856 41,7795
3.8000 .04824 34.2777
3.7000 .05646 30.0793
3.5999 .06486 26.9112
3.4999 -07445 24,1143
3.3999 . 08602 21.4831
3.2429 .10206 18.6555
3.1999 .12901 15.2204

FIRST HIGHER RAYLEIGH MODE

Section Thickness

c k T
5.0000 .02685 46.8048
4.9000 . 02886 44.4386
4.8000 .03353 39.0360
4.6999 . 04475 29.8741
4.5999 .05888 23.1967
4.4999 . 03004 17.4449
4.3999 .10431 13.6899
4.2999 .12285 11.8943
4.1998 .13938 10.7339
4.0963 .15650 9.7925
3.9999 .17704 8.8727
3.8999 .20128 8.0045
3.7999 . 23306 7.0948
3.6999 «27476 6.1807

47

310 km

3.6546
3.6739
3.7362
3.8025

U

3.4695
3.1635
2.9694
2,.3125
2.7168
2.7635
2.8034
2.8919

U

4.4483
4.3098
4.2401
4.1392
3.8165
3.5115
3.3171
3.2139
3.1330
3.1344
3.1097
3.1614

152
133
111

84

39
33
29
26
23
20
17
13

36
27
21
16
13
11
10

Vi O~ 00 WO

T

.3970
.7163
.4856
.3855

T

4730
.1033
. 2182
.2169
. 4925
.7638
.8086
. 9951

.2523
.9880
.5914
L2429
.1554
<5744
.4853
. 5683
.6651
.7859
.8751
.9217




TABLE VI. (Cont'd)

MODEL 315

FUNDAMENTAL RAYLEIGH MODE

Section Thickness 810 km

c k T
4.5000 .00820 170.2393
4,4000 .00930 153.5283
4,3000 .01086 134.,5723
4.1999 .01334 112.1333
4.0999 .01812 84.5767

Section Thickness 310 km

c k T
4.0000 .03053 51.4482
3.9000 .04399 36.6250
3.8000 .05404 30.5995
3.7000 06472 26.2377
3.5999 07614 22,9218
3.4999 .09221 19.4693
3.3999 .11718 15.7708
3.2999 .16256 11.7130
3.1999 .25847 7.5969

FIRST HIGHER RAYLEIGH MODE

Sectinn Thickness

c k T
5.0000 .02700 46.5387
4.9000 . 02898 44,2546
4.8000 .03375 38.7906
4.6999 .04593 29.1047
4.5999 .06249 21.8596
4.4999 . 09907 14.0342
4,3999 .12798 11.1578
4,2999 .14814 9.8638
4,1998 .16823 8.8928
4.0998 .19220 7.9737
3.9999 «22623 6.9435
3.8999 .27637 5.8296
3.7999 .36302 4,5549
3.6999 49743 3.4140
3.5998 . 72066 2.4220
3.4998 1.18182 1,.5191
3.3998 3.2068Y .5763

48

310 km

3.6992
3.7313
3.8018
3.8692

.4296
. 2226
.0726
.0533
.0333
. 0416
. 0354
3.0323

WWwWwwwww

4.4580
4.3170
4.3459
4.1502
3.7883
3.4936
3.4019
3.4011

3.4963

2 4L8

e '7027

3.3824
3.3589
3.3175

148,
129.
105.

74.

34.

29.

25.
21.
18.
14.
10.

6.

35.
27.
19.
13.
10.
9.
8.
7.

7251
1714
2905
8110

8049
4172
3270
9835
5069
7044
5790
3232

9338
2273
5919
0875
7461
6058
6584
7268
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TABLE VI,

o

FUNDAMENTAL RAYLEIGH MODF

c

§ 4,0000
3.9000
3.8000
3.7000
3.5999
3.4999
3.3999
3.2999

FIRST HIGHER RAYLEIGH MODE

c

4.4000
4.3000
4.2000
4.0999
3.9999
3.8999
3.7999
3.6999

FUNDAMENTAL RAYLEIGH MODE

c

4.0000
3.9000
3.8000
3.7000
3.5999
3.4999
3.3399
3.2999
3.1999

(Cont'd)

k

. 02439
. 04255
.05805
.07023
.08334
.09981
«12365
.16535

4

.12476
.16172
.18471
.21052
.24138
.29117
. 36986
.49765

k

.02676
.03996
.04957
.05820
.06716
.07764
.09056
.11217
.15391

MODEL 310

Sect.on Thickness 400 km

T

64.4070
37.8649
28.4813
24,1816
20.9422
17.9868
14,9456
11.5152

Section Thickness 140 km

T

11.4457
9.0352
8.0990
7.2797
6.5077
5.5323
4.4707
3.4125

MODEL 320

Section Thickness 310 km

T

58.6913
40.3191
33.3568
29,1794
25.9897
23,1217
20,4061
16.9749
12,7579

49

3.5912
3.2801
3.1144
2.9759
2.9384
2.9835
3.0190

¢

3.6088
3.3507
3.2917
3.4153
3.4070
3.4199
3.3786

3.4514
3.1758
2.9781
2.8662
2.7526
2.8481
2.8878
3.0158

34.7723
27.2310
23.2675
20,2145
17.2780
14,1014
10.4775

8.7490
7.9020
7.0921
6.2579
5.2734
4.1854
3.1475

T

38.1989
32,1857
28.3310
25,2547
22.4878
19,5889
16,0079
10.8511




TABLE VI, (Cont'd)

FIRST EICHER RAYLEIGH MODE

Section Thickness 310 km

c K T U T
5.0000 .02694 46.6523
4.9000 .02888 44,4016
4,8000 .03358 38.9835 4.4617 36,0753
4,6999 . 04490 29,7720 4,2997 27.9473
4,5999 .05957 22,9299 4,2645 21,2086
4.5000 .08333 16.7565
4.4000 .11006 12.9742 3.8455 12.4357
4,3000 .12959 11,2758 3.5636 10.9456
4.1999 14771 10.1280 3.3148 9.8943
4,.0999 .16573 9.247C 3.2854 9.0110
3.9999 .18724 8.3893 3.1800 8.1781
3.8999 .21377 7.5367 3.1997 7.3062
- 3.7999 . 24984 6.6182 3.2181 $.3649
3.6999 .30270 5.6103 3.2358 5.3289

50
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from 6-10 sec. Group velecities recorded at Oxford indicate a slightly
shorter period for the minimum and a gradual decrease in velocity for
periods shorter than 12 sec. Lowever, in general the curves are quite
similar to those for Atlanta and Blacksburg. Waves arriving at Atlanta
from Jalisco, Mexi:o, (parallel waves) have bcth fundamental and first
higher Rayleigh mode group velocities considerably lower than do the
perpendicular wave trains for periods less than about 20 sec. The rapidly
"tailirg-cff" of group velocities below 15 sec is probably due to a thick
sedimentary sequence (approximately 400 km of the travel path for these
waves lie across the Gulf Coastal Plain).

The most significant difference is between the biacksburg and Atlanta
group velocities for parallel wave trains. A minimum of 2.75 km/sec occurs
at a perfod of 2. sec and a maximum of 2.80 km/sec occurs at a period of
16 sec for the Blacksburg velocities. Group velocities at periods greater
than 30 sec trend toward those for the perpendicuiar waves. First higher
mode Rayleigh group velocities for Blacksburg are lower by about .1 km/
sec than those for Atlanta.

Several models were constructed using the variation of phase velocity
with layer pa-ameter curves for the Gutenberg-Birch II model. Basic
differences in the models are:

1) 314, 315, and 320 have a crwstal thickness of 50 km, while 310
and G-B (Gutenberg-Birch II) have a crustal thickness of 40 km;

2) 314 has a low velocitv zune centered at 15 km in the upper crust.
Except for this low velocity zone, 320 is identical to 314;

3) G-B and 310 have a low velocity zone in the upper mantle beginning
&t 60 km while the low velocity begins at 70 km for 314, 315, and 320.

4) Velocities in the first 10 km of G-B are slighuly higher than those

in the other models.
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For waves traveling perpendicular to the Appalachians, the group
velocity data agree well with model 310 or G-B values for the fundamental
Rayleigh mode at periods less than 30 sec. At longer periods, the values
fall below those for 310 and approach those for 314 and 315, Fi..t higher
Rayleigh mode values observ:d at Blacksburg lie between those for 3i4 and
315 for periods greater than 10 sec. Thus, it appears that waves arriving
at Atlanta, Oxford, and Blacksburg from the Southern Alaska epicenter
are just beginning to '"feel" the Appalachian structure. The length of
the "Appalachian path' is about 240 km in the Appalachian foreland in
each case,assuming that the Appalachian structure extends beneath the
Mississippi Embayment (Oxford s:ation).

Waves arriving at Atlanta from Jalisco, Mexico yield group velocities
conside.ably below these of G-B for periods less than 20 sec (See Fig. 11).
Fundamental mode group velocities at Blacksburg shcw fair agreement with
th2 theoretical curves for either models 314 or 320 being considerably below
curves for G-B, 315, and 310 at all periods. On the basis of fundamental
mode group velocities it is impossible-to determine which of models 314
or 320 most closely approximate the crustal structure, However, first
higher Rayleigh mode group velocities from model 314 give a considerably
better fit to the observed data than do those from wodel 320 in the period
range from 6 to 15 sec., In this period range, the group velocity curve
for 314 lies between that f{or 320 and the observed group velocities. Thus,
a slight velocity reversal in the crust is indicated by the first higher
mode group velocities.

An alternative to the low velocity zone is to lower the velocities
and/or densities in the first 10 km of the crust. However, refraction data

give a compressional velocity of 5.88 km/sec for the upper crust which has
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been used in models 314 and 320. TiLe shear velocity value of 3.88 km/sec
in models 314 and 320 corresponds to a Poisson ratio of .25.

Group velocities for periods greater than about 30 sec indicate &
mantle low velocity zone beginning at about 70 km.

Compressioral velocity crustal and upper mantle structure to the west
of the Southern Appalachians determined from the travel times of local
earthquakes and for the Southern Appalachian structure as determined from
Rayleigh wave dispersion are shown in Fig. 12, Gravity and Rayleigh wave
dispersion data indicate a total crustal thickness of about 50 km heneath
the Sou:ﬁern Appalachians. Travel-time and dispersion data indicate an
upper mantle velocity of 8.10 km/sec. Dispersion data indicate a slight
low velocity zone in the upper crust and a general increase of velocity
and density with depth below this zone. With the exception of the higher
crustal velocity in the first 2 km, the Southern Appalachian s ture
approximated by model 314 is similar to the llorthern Alpine structure with

a 50 km crust ceported by Knopoff et al [1966].
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7.0 CONCLUSIONS

The conclusions which have been drawn from this study are: I
1) PFocal depths of local earthquakes in the Southeastern United States ‘
are shallow ranging from about 7 to 18 km.
2) Systematin deviations in P-residuals observed at Chapel Hill, t
North Carolina, and McMinnville, Tennessee, have magnitudes from + 3 to
-3 sec. The deviations indicate systematic errors in the Jeffreys-Bullen
travel-times.
3) Travel-time curves constructed from local earthquakes and refraction
data indicate a crustal structure for the Appalachian foreland of h1 =
33.0 km (a = 5.88 km/sec), hz = 10.8 km (a = 6.58 km/sec), and an upper
mantle velocity of 8.10 km/sec.
4) Rayleigh wave dispersion data indicate a crustal low velocity zone
centered at about 15 km, an upper mantle low velocity zone beginning at
70 km, and a total crustal thickness of 50 km beneath the ccre of the
Southern Appalachians.
5) Gravity data indicate a total crustal thickness beneath the
Southern Appalachians of at least 50 km which 1s in agreement with the Rayleigh
dispersion data. Gravity data indicate a crustal thickness of about 45 km
in central Kentutky thickening eastward to about 50 km beneath the core
of the Appalechian and thinning to 23 km beneath the North Carolina
continental margin at about the 2400 fathom contour.
6) Hig..er Rayleigh modes can be observed using digital filtering
techniques, Care must be taken to isolzte Rayleigh type motion and to
remove interference effects. This is particularly true for higher modes
than the first.
7) 1t should be possible to use higher modes than the first to delineate

fine detail iu the crust.
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APPENDIX 1

EVALUATION OF THZ SECULAR EQUATION IN COMPUTING RAYLEIGH DISPERSION

In the Dunkin Method, the Rayleigh dispersion equation is the secular

equation

Det R,, = r 12

- pl12
11 12°% lap 8

Writing out (I-1) explicitly yields

Jﬂz
Det Rll a f 2

12
13

LS

12
14

12
23

12
24

12
34

where the ... signifies multiplicaticn of the form g

Continuing the process

- . p-1f12 p-2 12
Det R11 48 EZ g tf cee + a8

+ 4 more similar terms with a

+ 5 more expressions with a,, a4, 8,5 2c, and ac

replacing a;

I-1

p-1 |ab

p-1

12
Icd

13
cd

14
cd

23
cd

24
cd

34
cd

ed v+ 8 1E2

1

p-2,

p-1j12 p-2|13
g ef

as a factor

(I-1)

(1-2)

LI +
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where
v 12
a1 % 2
(1-3)
- 112
a, = t|,3 . etc.
Collecting terms with like coefficients g p-1 ;: , 8 p-1 12 ,y 2iC., glves
- p-2 12 p~2 j13 p-2 {14
Det Rll Al 8 f L ) + A2 8 ef L N + A3 g ef L )
(1-4)
p-2 |23 p-2 124 p-2 134
+1Xas ef ...+ Asg ef -..+ hdg ef es e

where
Ay = (agbyy + agbyy * aghyy *agbyy + aghgy +aghgy)
by = &
by - 9'%3 '

b31 - 3.12 0 etc.

(I-4) is of the form (I-2); the sum of six terms which are each products
of the second crder subdeterminants. The process of evaluating the second
order subdeterminants of a given layer, multiplying by six previously
determined coefficients, a,, Qnd sumning to obtain six new coefficients,
A1 » ig repeated until che entire layered sequence has been traversed from

bottom to top. This can be quickly and easily adapted to computer processing




as is indicated in the following considerations of the rezl and imaginary

structure of t ii and g P :, 4:5 is of the form of @ 6 x 1 row matrix

[(RRIIRR)] I = Pure irsginary quanitity

(I-5)
R = purereal quanitity
7.& ceal gid imaeinary structure or tne gliz is of the form of 12 6 x 6
matix
-
RRIIRRJ
R R I I R Kk
b -1 -I R R-I-I
Bled " [-I -1 R R-I-I )
R R I I R R
R R I I R RJ
The ab indices hive beea taken as the row indices and the cd indices :the
column indices with 1=)2, 2=13, 3=14, 4=23, 5=24, and 6=34; ggz = 814> ©tc.
Multiplication of E‘:i by the gp-llzg in (I-2) yields a matrix of the form
[RRIIRRK]
RRIIRR
RRIIRR
RRIIRR (+=7)
RRIIRR
[RRIIRER
S )
Elements of this matrix correspond to the terms albll’ a2b21. etc, in
(I-4). Thus, the six new coefficients A are c'mply the sum of the zliemcote

i

in a column of (I-7). The z2iv aew ccefficients zan then be considered as just
anotier 6 x 1 you matrix of the form of (1I-7), Minus ones have been inser‘’ed

in (I~é) to account for the multiplication of two like-signed imaginary quantities.

I-2




APPENDIX II

MODAL SHAP~ COMPUTATIONS
In the Dunkin Method, mode shape 1s computed from the relation

-l1vp p-l

L D no, n,_ ab 1 |ef _
Rn (z3a) Ty Y, 8re ctc Byp 2 z) g (z “n-l)lcd oo (3 l21 (11-1)

where a denotes the component “f displacement. an \z:a) is the a:h

component of the displacement-stress vector, at the depth z, normalized

to the vertical displacement at the free surface. Note that rlzl is simply

a constant multiplier for all of the displacement-stress components. Thus,

it may be dropped and the an(z;a) at different depths divided by the ve:rtical
displacement :t the surface to normalize the displacements. The equation

actually used for the determination of mode shape was

m,. .y o9p _p-1 n n . ab 1]ef _
Rn (z;a) tir Brs " Byb (zn-z)g (z zn-l) cd *°* 8 o1 (11-2)
Writing (II-2) explicitly
m, . e 21 p-1 p-2
Rn (z;2) t11 815 Bgr °°*
+ TP p-1 _p-2 (11-3)

12 82 8¢

-

p _p-1 p-2
u t13 83 8g¢ tee

vp _p-1 »-2
+ t14 B4s Bt tee

When the dots denote the product of 82j post multiplying 3222

I1-1




Sum over s -3

m. ..\ . p-1 p-2 p-1 p-2 -1 p-2 p-1 p-2
Ry (z3a) = a1y, 81, ««v t 81815 By eee F 818130 By oot A1Ry,T B

p-1 p-2 p-1 p-2

M 18282y B¢ coc t 88y By eec t .o (T11-4)
o
»
]
§ p-1 p-2
w ¢84841 glt LI + LI ]
where
8 =t s 8=ty , a3 =ty and a, =t .

p-1 p-2
181y B¢ -

Now the gp-l which have explicit: subscripts can be included in the constant

R.nm (z;a) has been expanded into 16 terms of the form a

factor a,. Collecting tirms with common factors of 3532 yields

p-2

m, . e (a' ' ' ' p-2 ' ' ' '
Rn (z;a) (a 1 + a a + a 3 + a 4) Blp *°° + (a l.f a', + a 3 + a 4) Byp e

' ' ' ' p-2 (1I1-5)
+ ... + (a pta',ta 3t a 4) B4

' p-1

a', = a g, , etc.

which is of the form of (II-3).

Continuing this process yields

m n al 1jef
Rn (Z,a) - alg (z-zn'l) Cd LI 8 Ez

+a n(z-z ) a2 1 jef
28 n-1 cd - 8 12 (11-6)

n a3 1 jef
+ a3g (z-zn_l) cd g8 |,

n ab 1jef
tag () g e- 8 '12
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The norizontal component, u , of displacement corresponds to a=l1l and the

vertical component, w , to a=2,s0 that

n (12 n|l3 n |14
u 828 cd s + 838 cd s e e + 848 cd s and (11-7)
n |21 n|{23 n {24
w 818 cd s s + 838 cd s + 848 Ld '] (11-8)
‘ote that gnlii = 0, if i=j or k=1,
Writing (II-7) explicitly
. n|12 n-lt. +a 12 n-1|:3 + 4 |12 114
U8 8 |12 8 £0r T 828 138 £000 T %28 14 B fef
+ nf12 n-1 E3 + ntz n-1 24 + nfl2 n-1[34
3 8 |23 8 £ T8 8 by 8 £ 00 T A28 |34 8 Jaf oo
nil3 n-1ijfl12
+ a3 8 ||, 8 of *°° + 5 more terms in ag
ni{l4 n-1112
+ a, s 112 g lef eee + 5 more terms in a,
u is expressed in terms of the sum of 18 terms of the form a gnlii = E: ore
Collecting terms with common gn-IIZ: gives u as the sum of six terms of
n-ltj
the form a 8 £
- v n=1]12 v _n=1 l:3 v n=1 El;
u alg ef ...+328‘ f...+838 f ...+
¢y _n=1123 v n-1124 v _n=11{34
al’g f L] +858 ef L] +868 f cos (II-IO)
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where

al' - a, gn'ii + a, gkg + a, 4&; , etc.
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